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Abstract  
Non contact laser ultrasonic methods are appropriated for investigating SAW propagation on curved 
surfaces. They eliminate coupling issues in the generation and detection of the waves, and their high 
temporal resolution enables studying the dispersion effect on a large frequency range. We investigate the 
variations of the phase and group velocities for Rayleigh waves propagating on a sphere or a cylinder. 
First, a simple expression, giving an approximate value of the phase velocity versus frequency, is derived. 
The formula needs only two dimensionless coefficients, which can be obtained from the asymptotic 
behaviour of the phase and group velocities at high frequencies. A second set of coefficients, providing a 
better approximation, have been determined from characteristic points in the low frequency range of the 
velocity dispersion curve. These coefficients have been plotted as functions of the material Poison’s ratio. 
These results provide a means to calculate, with an average error smaller than 1 %, the phase velocity of 
Rayleigh waves propagating on a sphere or a cylinder made of any isotropic material. Using laser based 
ultrasonic techniques, the experimental values measured on steel spheres and Duralumin cylinders are in 
good agreement with the theoretical ones. 
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1. Introduction 
 
The resonances of an elastic sphere or cylinder have been studied in geophysics and 
acoustics since a long time [1-3]. In seismology, a homogeneous sphere is the simplest 
model of the earth. In underwater acoustics, targets like cylinders or sphere are usually 
excited by acoustic waves incident from the surrounding liquid [4]. At high frequencies, 
vibrations involving a radial displacement component resembles surface acoustic waves 
(SAW), in that the wavelength is small compared to the radius. The vibration is 
localised in the cortical zone of the curved surface, penetrating the material to depths of 
approximately one wavelength. The resonances are explained in terms of phase 
matching conditions during repeated circumnavigation around the target. Today, the 
ultrasonic resonant-sphere technique [5] is a tool of great interest for non-destructive 
inspection of ceramic balls used for high precision bearings in aerospace industry [6,7]. 
Recently, a gaz sensor based on SAW propagating on a quartz ball has been proposed 
and verified in hydrogen-sensing experiments [8].  
Non contact laser ultrasonic methods are well appropriated for investigating SAW 
propagation on curved surfaces [9,10]. They eliminate coupling issues in the generation 
and detection of the waves, and their high temporal resolution enables studying the 
dispersion effect on a large frequency range [11,12]. From the interaction with Rayleigh 
waves, surface breaking slots of depth much smaller than the wavelength have been 
detected on cylindrical parts [13]. 
Using a theoretical study of elastic vibrations of spheres and cylinders, we established 
that the variations of the Rayleigh wave phase velocity could be approximated by a 
simple formula valid in a large range of frequency and for usual isotropic materials. 
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Using laser based ultrasonic techniques, an experimental confirmation of this analysis is 
presented for steel spheres and a Duralumin cylinder.  
 
2. Rayleigh wave propagation on a sphere or a cylinder 
 
Conversely to the propagation of Rayleigh waves on a plane surface, the propagation of 
surface acoustic waves (frequency f = ω/2π, wave number k) on a sphere or a cylinder, 
of radius a, is dispersive. The phase velocity V = ω/k depends on the dimensionless 
quantity ka, which may be called the angular wave number. Moreover, since a sphere or 
a cylinder is an inherent resonant system, an integer value n of ka corresponds to a 
resonance. In this paper only vibrations having a nonzero radial displacement are 
considered. The resonance frequencies of these spheroidal or cylindrical modes are 
given by the solutions of a transcendental equation, which results from the zero stress 
conditions on the free surface [2,3]. For a given n, there is a series of solutions. These 
solutions have been calculated for a stainless steel sphere having longitudinal, 
transverse, and Rayleigh wave velocities VL = 5988 m/s, VT = 3190 m/s, and VR = 2960 
m/s, respectively.  

 
 

 
 

Figure 1. Normalized angular frequency ωa/VR versus the angular wave number ka for a steel sphere of 
radius a and velocities equal to VL = 5988 m/s, VT = 3190 m/s and VR = 2960 m/s. 

 
In Fig. 1, the normalized angular frequency ωa/VR is plotted versus the angular wave 
number ka. Integer values n of ka reflect a resonance condition, for example n = 0 
implies a longitudinal wave radial resonance. For n ≥ 1, we consider only the lowest 
solution ωn corresponding to a mechanical disturbance localised near the surface that 
becomes a Rayleigh wave on a plane surface as n → ∞ (red curve). The other solutions 
(blue curves), called whispering gallery modes, have displacements more concentrated 
in the sphere [10]. As n approaches one, the frequency and then the phase velocity of 
the Rayleigh mode vanishes. Non integer value of ka must be considered to account for 
transient excitation such as in experiments based on laser ultrasonic techniques. After 
the impact of the laser pulse on the surface, the Rayleigh wave continues propagating as 
an elastic disturbance around the sphere or the cylinder. The number of turns is only 
limited by attenuation, dispersion and diffraction effects [12,14]. 
Figure 2(a) shows the phase velocity V and the group velocity Vg = dω/dk of Rayleigh 
waves propagating on a steel sphere, plotted versus the product ka. The dispersive effect 



  

is mostly noticeable for low frequencies (ka < 10) such that the wavelength λ = 2π/k is 
larger than a/2. As ka tends to infinity (large frequencies), the velocities tend to the 
velocity VR of the Rayleigh wave in a steel plate. In Fig. 2(b), the same behaviour is 
observed for a Duralumin cylinder (VL = 6340 m/s, VT = 3140 m/s and VR = 2930 m/s). 
In both cases, the group velocity tends to VR more quickly than the phase velocity. The 
relative difference (Vg – VR)/VR is less than 3% for ka ≥ 8, whereas (V – VR)/VR reaches 
this value only for ka ≥ 70. 

 
 

a) 

 

b) 

 
 
 

Figure 2. Phase (in blue) and group velocity (in pink) dispersion curves of Rayleigh waves propagating 
(a) on a steel sphere and (b) on a Duralumin cylinder versus the angular wave number ka. 

 
This similitude allows us to forecast that the dispersion characteristic does not depend 
significantly on the type of the resonator (sphere or cylinder) and on the elastic 
properties of the constitutive material. We deduce an approximation of the phase 
velocity dispersion curve from the matching conditions on the phase ϕ of the Rayleigh 
wave. The solution of the wave equation depends on the angular coordinate θ�according 
to the law eikaθ. After each circum-navigation along the meridian, a constructive 
interference occurs if the phase variation ∆ϕ = 2π ka equals an integer for a sphere: 
                        ϕS = (n + 1) 2π,                                                     (1) 
or an integer n plus one half for a cylinder: 

                      ϕC = (n + 1/2) 2π.                                                   (2) 
 

The extra term (1 or 1/2) is ascribed to the additional phase jump (π or π/2) undergoes 
by the Rayleigh wave at the poles (θ = 0 and θ = π) of the sphere or cylinder [15].  

 

The difference between the wave numbers kn and kn+1 is constant: 
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gives approximately the group velocity Vg of the mode n only from the frequency 
difference (∆f)n = fn+1 – fn. For large values of n = ka, the frequency step (∆f)n tends to a 
constant ∆f and the group velocity Vg approaches VR = 2πa∆f:  
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Integrating this equation yields to a linear relation between the normalized frequency 
ωa/VR and the angular wave number ka: 

 1εω +≅ ka
V

a

R

.                                                     (6) 

 

As shown in Fig.4, the dimensionless coefficient ε1 computed for a sphere and a 
cylinder, depends only on the material Poisson’s ratio ν. Since VR = 2πa∆f, and for a 
Rayleigh mode of large order n = ka, Eq. 6 can be written as  

 m = n + ε1,                                                         (7) 
 

where m is the ratio between the resonance frequency fn and the frequency step ∆f. In 
the case of a sphere, an empirical relation, where m is also an integer: m = n + 2, was 
proposed by Hsieh [16]. Fig. 4(a) shows that the difference m – n = ε1 is not a constant 
equal to 2. It increases from 1.99 to 2.63 as the Poisson’s ratio varies in the usual 
material range (0 ≤ ν ≤ 0.5). 
The corresponding asymptotic behavior for the phase velocity: 
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first established by Viktorov for cylindrical Rayleigh waves [17], is valid only for large 
ka (> 50). This equation does not yield the maximum of the phase velocity that occurs 
in the low frequency range for ka ≅ 2. 
In order to improve the approximation, we introduce a second term in Eq. 8:   
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Like ε1, the dimensionless coefficient ε2 depends only on the material Poisson’s ratio ν. 
This expression leads to a correction of the second order for the Rayleigh wave group 
velocity:  

 






 +≅
22

21
ak

VV Rg
ε

.                                             (10) 

 

The second coefficient ε2 can be determined from characteristic points in the low 
frequency range of the velocity dispersion curve The phase velocity is equal to VR for a 
value of ka equal to 12 / εε=R and the maximum value Vmax of the phase velocity is 
given by:  
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For the steel sphere (ν = 0.302) the coefficients, deduced from the asymptotic behavior 
of V and Vg for large ka, was found to be ε1 = 2.33 and ε2 = 3.16. As shown in Fig. 3, 
Eq.9 is a rather good approximation of the phase velocity for spherical Rayleigh waves 
in a large frequency range. 
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Figure 3. Comparison between exact (in blue) and approximate (in  green) phase velocities of Rayleigh 

waves propagating on a steel sphere calculated with the coefficients ε1 = 2.33 and ε2 =3.16. 
 

We apply the same procedure to a cylinder made of Duralumin (ν = 0.34). The Rayleigh 
wave velocity was calculated from the secular equation providing the angular frequency 
ω versus the wave number k [3]. The coefficients, deduced from the same characteristic 
points were found to be ε1 = 1.99 and ε2 = 3.36. Like for the steel sphere, the 
approximation (Eq. 9) is accurate.  
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Figure 4. Variations of the coefficients ε1 versus the Poisson’s ratio ν for Rayleigh waves propagating (a) 
on a sphere and (b) on a cylinder. In red, the Viktorov’s law. 

 
Extensive numerical calculations have been performed in order to calculate the 
coefficients ε1 in Fig. 4 and ε2 in Fig. 5 in the usual material range. For a given 
Poisson’s ratio ν varying by 0.01 step from 0 to 0.5, the theoretical dispersion curves 
are calculated by 0.0013 step in ka from 1 to 100. In both cases, sphere and cylinder, the 
variations of ε1 and ε2 increase linearly versus Poisson’s ratio ν and can be 
approximated by a straight line. In the case of cylinder (fig. 4-b), the ε1 value obtain by 
the ordinate origin is similar than the value deduced by Viktorov’s law  in the range 
Poisson’s ratio. 
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Figure 5. Variations of the coefficients ε2 versus the Poisson’s ratio ν for Rayleigh waves 

propagating (a) on a sphere and (b) on a cylinder . 
 

Then, we calculate the relative error between phase velocity and the approximation by 
the relation on the range 1< n < 100. In both cases (sphere and cylinder), the relative 
error is less than 1% as Poisson’s ratio is less to 0.4. 
 
3. Experimental results  
 
Non contact laser ultrasonic methods are appropriated for investigating SAW 
propagation on curved surfaces [9-11]. They eliminate coupling issues in the generation 
and detection of the waves, and their high temporal resolution enables studying the 
dispersion effect on a large frequency range [12]. Experiments were carried out on steel 
spheres of diameter 50 mm and a Duralumin cylinder of diameter 11.8 mm. Surface 
waves were generated by a Q-switched Nd:YAG laser providing pulses having a 20-ns 
duration and a 3-mJ energy. A beam expander and a cylindrical lens (focal length 150 
mm) were used to focus the beam onto a line of length 12 mm and width 0.15 mm. On 
the surface of the spheres, the source is parallel to a meridian and the Rayleigh waves 
along the equator perpendicular to the line source. On the surface of the cylinder, the 
line source is parallel to the axis. The mechanical displacement normal to the surface 
was measured at the opposite pole from the source (azimuthal angle θ = π) by a 
heterodyne interferometer equipped with a 100-mW continuous YAG laser [18]. The 
calibration factor (100 mV/nm) was constant over the detection bandwidth (50 kHz - 20 
MHz).  

 

a) 

 

b) 

 
Figure 6. Normal displacement measured at the opposite pole from the source (a) on 50mm-diameter steel 

sphere and  (b) on 11.8mm-diameter Duralumin cylinder. 



  

Figure 6 shows the normal displacement measured at the opposite pole from the source 
in the case of (a) a 50-mm diameter steel sphere and (b) a 11.8-mm diameter Duralumin. 
The time interval between two pulses corresponds to one revolution around the sphere 
or the cylinder. The dispersive effect can be observed after many turns on Rayleigh 
waveform. For sphere, the signal holds the same amplitude after many turns because 
with line source the diffraction effect is limited.   
In the spectrum of these two acquisitions, many resonances are observed in a large 
bandwidth. By identifying the resonances, we can estimate the phase velocity for steel 
sphere and Duralumin cylinder. Experimental values plotted in Fig. 7 show a good 
agreement with the theoretical curves. The decrease of the phase velocity for low ka (ka 
< 2) is also observed. 
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Figure 7.  Theoretical (in blue) and measured  (in pink) phase velocities (a) on a 50-mm diameter steel 

sphere and  (b) on a 11.8-mm diameter Duralumin cylinder.  
 

4. Conclusions 
 
A simple expression, which gives an approximate value of the phase velocity of 
Rayleigh waves propagating on a sphere or a cylinder was derived. The formula needs 
only two dimensionless coefficients, which can be obtained from the asymptotic 
behaviour of the phase and group velocities at high frequencies. These coefficients have 
been plotted as functions of the material Poison’s ratio. These results provide a means to 
calculate, with an error less than 1 %, the phase velocity of Rayleigh waves propagating 
on a sphere or a cylinder made of any isotropic material. Using laser based ultrasonic 
techniques, the experimental values are in good agreement with the theoretical ones. 
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